Abstract. This paper aims to present a new method for generating incoherent seismic ground motions on the basis of the stochastic deconvolution technique and the spectral representation method. The generated free field motion satisfies the imposed statistical properties on the free surface and is composed of elementary plane waves of types SH, P-SV incoming from all directions. This will allow 3D soil-structure interaction analyses to be performed with spatially varying seismic motions in the case of structure with embedded foundation. Eventually, structural non-linearity can be accounted for when the SSI analysis is performed in the time domain.
INTRODUCTION
The term 'Seismic spatial variability' refers to the non-uniform ground motion during the earthquake. This phenomenon has an important effect on the response of large superstructures, such as dams, tunnels, bridges and nuclear power plants [1, 2, 3] . The spatial variability of ground motion was studied at the first time in the 1960's and then was extensively investigated by researchers after the installations of dense seismograph arrays, such as the El Centro at the Imperial Valley [4] , SMART-1 [5] , LSST [6] ... Many effects due to the incoherent ground motions on the response of structure were revealed. In general, the seismic spatial variability reduces the translational response but creates torsional and rocking effects [7, 8] , moreover for extended structures such as pipelines, bridges, tunnels, the differential displacement at the structure supports may cause additional stress on the structure. The causes of seismic spatial variations are multiple, they are always related to the mechanics of fault, the complex pattern of seismic wave propagation, the variations of site conditions and wave passage effect. From recordings at the dense seismograph arrays, researchers have tried to model the incoherent field which is used in engineering application as seismic inputs. Many methods of generation of the incoherent field have been developed in the last two decades [9, 10, 11, 12, 13, 14, 15, 16] . However, due to the lack of recordings at the depth, the previous methods concentrate on the generation of the motion on the surface of the free field and their applications are limited for the extended structures with surfacing supports. In order to perform a SSI analysis of the superstructures with massive embedded foundation accounting for the non-linearity of the structure, the incoherent free field must be generated in the soil and the compatible traction must be extracted at the boundary of full FEM model of structures and its vicinity soil.
The method presented here is based on the propagation of plane waves of types SH, P-SV through the layered elastic soil. To satisfy the statistical properties which are known on the surface of the free field, the incident elementary waves are assumed to income from all directions but independents of each others. Each elementary wave is characterized by its power spectral density function which must be computed. The details of the method are shown in the later sections.
The paper is structured as follows: section 2 presents the description of seismic spatial variability, section 3 summarizes the stochastic deconvolution technique of seismic ground motions developed initially by Kausel [17, 18] , section 4 discusses about the generation of incoherent ground motion method, conclusions and perspectives are given in section 5.
SEISMIC SPATIAL VARIABILITY
The seismic spatial variability can be studied by examining the cross-correlation function of displacement which shows the statistical properties of the displacement field in both space and time domain. Consider the motion at a point x and at time t to be the stochastic process U(x, t), the cross-correlation function between any two points can be defined as follows:
where E denotes the mathematical expectation. Because of the limited amount of available data and for simplicity, one need to use the assumptions of stationarity, homogeneity and ergodicity of the displacement field, then the previous equation can be rewritten in the following:
The power spectral density and the cross-power spectral density can be defined as the Fourrier transformation of the auto-correlation function and the cross-correlation function respectively:
The previous cross PSD function already describes the full joint statistical properties at two different points of the free field. However, in engineering practice, one works with the coherency function which is obtained from the cross spectral density function normalized with respect to the corresponding power spectra :
Another form of coherency function usually used in the literature can be expressed as follows:
Where :
The absolute value |γ(x, x , ω)| is named the lagged coherency function. Its value tends to unity when ω or the separation distance |x − x| tends to zero and it tends to zero when ω or the separation distance |x − x| tends to infinity. The lagged coherency refers to the stochastic sources of seismic spatial variability such as mechanic of faults, scattering wave effects, local site effects. However, the phase φ(x, x , ω) refers to the systematic source of seismic spatial variability which is the so called wave passage effect. Many coherency models have been developed in the literature [9, 6, 19, 20, 3] . Among these models, a model of Luco and Wong [1] is the most used in the literature.
where c α is the wave velocity in the random medium, R is the distance in the random medium travelled by the wave, r o is the length scale of random inhomogeneities along the path, µ is a measure of the relative variation of the elastic properties of the random medium. However there are few models describing ground motion at depth [21] due to the lack of recordings at downhole arrays.
STOCHASTIC DECONVOLUTION OF EARTHQUAKE MOTION
This section gives a summary of stochastic deconvolution method. For more details one can refer to the original paper [17] . This method is based on the wave propagation theory with several assumptions on the wave field and the medium as follows:
• The soil is a semi infinite homogeneous horizontally layered medium.
• The motion at any point is a result of the superposition of plane waves incoming from all directions. The elementary waves are stationary uncorrelated body waves of types SH and P-SV.
  be the displacement vector at an arbitrary point x in the soil at time t . This motion can be expressed as follows:
in which k = (k x , k y ) is the wavenumber vector, r = (x, y), dk = dk x dk y , and k · r = k x x + k y y. Thus,Ũ(k, z, ω) is the Fourier transform in wave-number frequency domain of the displacement U(r, z, t).
In the wave-number frequency domain, one can compute the motion at depth z from the motion on the free surface by means of Transfer Matrix T(k, z, ω) [22, 23] :
The cross-correlation matrix at depth z can be defined as follows:
where the superscript T stands for transposed vector. Under the assumption of the stationarity and horizontal homogeneity of the wave field, the cross-correlation matrix depends only on the separation distance |r − r| and the time lag τ . Thus, Eq. 10 can be rewritten in the following:
The cross PSD matrix is obtained by the Fourier transform of Eq. 11:
On the free surface z = 0, the cross PSD matrix can be expressed as:
Finally, substituting Eqs. 8 and 9 into the Eqs. 12 and 13, one can obtain the relation between the cross PSD on the free surface and the one at depth z :
4 GENERATION OF INCOHERENT WAVE FIELD 4.1 Stationary incoherent wave field
General assumptions
In this section, one shows the method of generation of stationary incoherent wave field. Before entering into the details of the method, the main assumptions should be reminded:
• The medium is the homogeneous layered half-space elastic / visco-elastic.
• The motion at an arbitrary point in the ground is the result of the superposition of the plane waves incoming from all incident directions. One supposes the seismic waves propagate from the source to the site inside of the plane Oxz. The incident waves are of types SH, P-SV. Each elementary wave is a stationary and independent stochastic process which is characterized by its power spectra S SH (ω, θ), S P (ω, θ) or S SV (ω, θ) where θ stands for the incident angle with respect to the vertical axis. Thus, the anti-plane motion Oy is attributed to the SH waves, the in-plane motion in Ox and Oz direction is attributed to P-SV waves.
• The statistical properties of the free field are known only on the free surface and characterized by the coherency function. Moreover, the power spectra of the motion on the free surface is supposed identical, i.e. S(x, x, ω) = S(x , x , ω) = S 0 (ω), then the coherency function in Eq. 5 can be written in the following form:
So,
Where d x stands for separation distance of two points in Ox direction.
Remark: in spite of the assumption that the incident waves are independent, the motion in Ox and Oz direction are correlated but these ones are uncorrelated with the motion in Oy direction. Thus, one can study the case of SH waves and P-SV waves separately. In the next two subsections, one shows the details of the novel method of generation of incoherent field on the basis of the stochastic deconvolution technique [17] and the spectral representation method [24] .
One prefers to start with the simplest case: SH-wave and P-SV propagating through elastic half-space. The advantage is that one has the analytical formulas of wave transfer function (or transfer matrix T(k, z, ω)) therefore the numerical errors can be limited. In the case of stratified medium, the transfer matrix T(k, z, ω) can be computed by means of Thomson-Haskell method [22, 23] .
Case of SH waves
Let a SH j (t) be the time history of the elementary incoming wave and S SH 0 (θ j , ω) its power spectra. According to the spectral representation method [24] , the j th incoming wave can be generated as follows: (18) and its Fourier amplitude:ã
where ϕ SH j (ω) is a uniformly distributed random variable on the interval [0, 2π). The outof-plane motion in Oy direction at a point x = (x, y, z) in the medium is the result of the superposition of N incoming waves and the reflected waves by the free surface:
in which
c s is the shear wave velocity
Because one considers only the out-of-plane waves in the plane Oxz, the coordinate y is omitted for convenience. The cross PSD function of two arbitrary points in the medium is expressed as follows:
where * denotes the complex conjugate.
Under the hypothesis of the homogeneous medium and the hypothesis of the independent elementary waves, one has:
One can deduce the cross PSD function between 2 points of the same horizontal plane. On the free surface where z = z = 0:
At the depth z = z :
The continuous form of Eq. 24 is given in the following:
Then Eq. 26 can be written in the wave-number domain as follows:
One has:
Where θ = arcsin( kxcs ω ) is the incident angle which is deduced by previous definition. By substituting Eq. 17 into Eq. 28, the relation between the power spectra of the elementary waves with the coherency function on the free surface can be obtained:
This shows that the power spectra of the elementary waves can be computed from the given coherency functionγ(k x , 0, ω) and the power spectra of the motion S 0 (ω) on the free surface, thus the out-of-plane motion at any point in the medium is readily obtained by means of Eq. 20.
Case of P-SV waves
In this case, the elementary waves are of types P and SV waves incoming with incident angle θ j with respect to the vertical axis. Its time histories are a P j (t), a SV j (t). The elementary waves are mutually independent. The in-plane motion in the Ox and Oz directions are the summation of the projection of each elementary wave on these axis. The motion in the Ox and Oz direction can be decomposed as follows:
in which + and − denote the upcoming and downgoing wave P P and SS stand for P and SV wave P S and SP stand for the conversion mode of P and SV Let S P 0 (θ j , ω) and S SV 0 (θ j , ω) be the power spectra of the P and SV elementary waves. On the basis of spectral representation method [24] , the motion at any point in the medium can be generated as follows:
in which A P P , A SS , A P S , A SP are the reflection and transmission coefficients of P and SVwaves by the free surface and that are given in annex. The cross PSD matrix can be computed readily:
Under the hypothesis of spatial homogeneity, the PSD function depends only on the horizontal separation distance. The previous equation can be rewritten in the following:
where:
On the free surface z = z = 0,
The statistic properties on the surface of the free field are given by the coherency function and power spectra function of the horizontal and vertical motion γ uu (d x , ω), γ ww (d x , ω), S uu0 (ω), S ww0 (ω) and in the wave-number frequency domain. One has :
where
are given in annex. By means of Eq. 46, the PSD of each elementary wave can be computed from the given coherency functions and PSD of the vertical and horizontal motion on the free surface. Thus, the motion at any point in the medium is readily obtained by means of Eqs. 32,33,34 and 35.
Example Applications
This section shows an example to illustrate the proposed method. The soil is an elastic halfspace whose S wave velocity is 489 m/s, P wave velocity is 2054 m/s and the mass density is 2420 kg/m 3 . The coherency function on the free surface is the Luco et al 's model [1] 
By assuming that the vertical motion is more coherent than the horizontal motion, we adopt the following parameters: α uu = α vv = 0.00025 , α ww = 0.0002. The PSDs on the free surface are S uu0 (ω) = S vv0 (ω) = S CP (ω), S ww0 (ω) = 2 3 S CP (ω) where S CP (ω) is the CloughPenzien model [25] given in the following equation:
The parameters of the Clough-Penzien spectrum are: ω g = 5π rad/sec, ω f = 0.5π rad/sec, ζ g = ζ f = 0.6, S 0 = 1 cm 2 /sec 3 . Figure 1 shows the horizontal coherency funtion of the out-of-plane motion between two point separated by 50 m on the free surface on the left part (a) and at 50 m in depth on the right part (b). The red curve is the simulated coherency function computed by means of Eq. 5 from 50 simulations. The green curve is the coherency function obtained analytically by means of Eqs. 5 and 17. The simulated coherency function on the free surface converges to the imposed coherency function which is represented by the blue curve on Fig.1(a) . On Fig. 1(b) , one can note that the coherency function at depth is reduced at certain frequencies. The same remarks can be made from Fig.3 . This figure shows the coherency function computed between two vertically separated points. This effect is due to the interference of the incoming and the reflected waves at the resonance frequencies corresponding to the 1, 3, 5 ... times of f o .
where v = c s , v = c p in the case of shear wave or P wave respectively and , H is the soil layer thickness. On Fig.3 , one can note that the resonance frequency of the vertical motion is greater than the that of the horizontal motion because the vertical motion is due essentially to the P incoming waves whereas the horizontal motion is dominated by SV waves. The same conclusion can be found in [6] where the author has ploted the experimental vertical coherency function. 
Generation of non-stationary incoherent field
In the previous section, the method of generation of stationary incoherent field is shown. In order to perform a SSI analysis in time domain, the generated free field in the section 4.1 is transformed into the time domain by the Fourier transform. Of course, this free field satisfies the statistic properties on the free surface but it is still stationary. The full non-stationary incoherent field may be computed by the knowledge of the cross-correlation function of the motion between any points of the medium. However, these cross-correlation functions are not available yet because of the lack of recordings. By using the coherency function to generate the incoherent wave field one implies the homogeneity of the medium and of the stationarity of the signals. This proposed method is in the same case. But the non-stationarity characteristic of seismic signals is essential in the structural dynamic engineering while performing responsehistory analyses. A method of generation of non-stationary incoherent field is proposed here by giving more "degree" of non-stationarity to the initial stationary incoherent field. In the literature, there are different ways to obtain a non-stationary incoherent field such as by using an evolutionary PSD function [9] or by fitting the incoherent field with the time histories at several reference points [10, 26] . The use of the evolutionary PSD function or the real time histories depends on the available data-bases and on the goals of each analysis. Discussion on this subject can be found in [27, 28] and the references therein. In this paper, one shows how to fit the stationary incoherent field with a given signal at a reference point.
Physically, in the present method, the stochastic spatial variability is represented by the summation of the incident waves incoming from all directions but their Fourier amplitude and phase are unknown. The varying incident wave field is the result of all phenomena such as the source effect, the scattering effect, the wave passage effect. The topology effect is accounted for only by considering the stratified soil. The Fourier amplitude of the elementary wave is computed from the coherency function on the free surface and their phase is supposed to be a random variable. In the time domain, the motion at any point can be considered as the superposition of a set of deterministic wave incoming with random time lag. Thus, if the motion at the reference point is fixed with a given signal, the non-stationary information of the given signal propagates through the medium. Surely, one can not obtain the full non-stationary field by this way because of the use of the stationary coherency model. In addition, the zero padding technique is used to avoid the overlapping phenomenon. In the case of SH wave, one supposes the signal at a point O(x 0 , y 0 , z 0 ) is v 0 (ω), the Fourier amplitude of the motion at any point is given as follows:
In the case of P-SV waves, because of the correlation between the vertical and horizontal motions of the chosen signals, one can not apply simultaneously the normalisation to the vertical and the horizontal motion. The estimation of the statistic properties obtained from several simulations and the fact that one applies the normalisation sequentially to the vertical and horizontal motion do not affect the statistic properties of the free field. Let (u 0 (ω), w 0 (ω)) be the real signal at the reference point O(x 0 , y 0 , z 0 ) , the motion at the other points is computed as follows:ū
w(x, y, z, ω) =w(x, y, z, ω)
Figures 4 and 5 show the generated horizontal and the vertical in-plane motions on the free surface and in the downhole. The wave passage effect is not taken into account. The accelerogram at the reference point is fitted with a real signals.
CONCLUSION
An approach for generation of non-stationary incoherent seismic wave field is shown. The advantages are that the incoherent field satisfies the imposed coherency model on the free surface and fitted with the real signal at reference point. Moreover, the wave field is generated in time domain and is based on the wave propagation theory thus the traction and the velocity field at any point can be readily extracted and used as seismic input loading for a Finite Element model. This will allow 3D soil-structure interaction analyses to be performed with spatially varying seismic motions in the case of structure with embedded foundation. Eventually, structural non-linearity can be accounted for when the SSI analysis is performed in the time domain.
The drawbacks are that this approach is based on the strong hypotheses of stationarity and homogeneity of the wave field but in the points of view of the earthquake engineering these hypotheses are reasonable.
In the case of viscoelastic medium, the hysteretic damping of the medium is accounted for by using the complex Lamé coefficients.
ANNEX
Reflection coefficients by the free surface of P-SV waves: where: 
